Abstract. We exhibit relations between van Kampen-Flores, Conway-Gordon-Sachs and Radon theorems, by presenting direct proofs of some implications between them. The key idea is an interesting relation between the van Kampen and the ConwayGordon-Sachs numbers for restrictions of a map of (d + 2)-simplex to We exhibit relations between the following van Kampen-Flores, Conway-GordonSachs and Radon theorems, by presenting direct proofs of some implications between them, see Main Remark 1 below. Thus we obtain alternative proofs of some of these results assuming another. Direct proofs of the implications (1 + ) below were apparently not published before. Such proofs are based on interesting properties of the van Kampen and the Conway-Gordon-Sachs numbers, see Lemma 2 below.
If d is even, then the number of intersection points in R d of images of disjoint (d/2)-faces, is odd. I.e. the number of points x ∈ R d such that x ∈ f (σ) ∩ f (τ ) for some disjoint (d/2)-faces σ, τ , is odd. If d is odd, then the number of linked modulo 2 unordered pairs of images of boundaries of (d + 1)/2-faces with the vertices at these points, is odd. 1 This result is due to Conway-Gordon-Sachs for d = 3 and to Lovas-Schrijver-Taniyama for the general case [CG, Sa81, LS, Ta] . Also there are disjoint (d − 1)/2 and (d + 1)/2-faces whose images intersect. This is weaker than (V KF d ) and easily follows from (V KF d−1 ) by link construction. .
2 Also the number of intersection points in R d of images of disjoint (d − 1)/2 and (d + 1)/2-faces, is even (and non-zero, see footnote 1).
These well-known results have a vast amount of generalizations, whose citation is outside purposes of this note.
Remark 1 (Main). (a) There are direct proofs of the following implications (the implications are correct because all the assertions are true).
(b) Direct proof of the right-arrow of (1 + ) is obtained by extending given general position PL map ∆ d+1 → R d to a general position PL map ∆ d+2 → R d and applying Lemma 2 below (this idea for d = 2 appeared in discussions with E. Kolpakov).
(c) Direct proof of the left-arrow of (1 + ) is obtained by restricting given general position PL map ∆ d+2 → R d to ∆ d+1 and applying Lemma 2 below (this idea appeared in discussions with S. Avvakumov).
(d) Direct proof of (2) is a particular case of the Gromov-Blagojević-Frick-Ziegler Constraint Lemma [Sk16, Lemma 3.2] for d even. For d odd one can analogously deduce from (T R d ) the weaker property of footnote 1.
(e) Direct proof of (3) for d = 2, 4 was obtained in [Sk03, Examples 1 and 2], [Ho] . Direct proof of (3 + ) for d = 3 was obtained in [RST, Ho, Zi] ; the linear version was discovered by A. Shapovalov around 2003. For a survey see [Sk14] . Direct proofs of (3) and (3 + ) for the general case is analogous. For a different proof of a more general statement see [Me11, Theorem 6 .5], cf. [Me06, Example 4.7] .
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(f ) Direct proofs of (3) and of (4) are obtained by cone/link construction. (g) Direct proofs of (3 + ) and of (4 + ) are obtained using Lemma 3 below.
Cf. [BM] for 'Radon-Tverberg style' proof of the linear versions of (V KF d ). Now we state and prove Lemmas 2 and 3. Assume that K is a finite k-complex and f : |K| → R d a general position PL map. Define the van Kampen number v(f ) ∈ Z 2 to be the parity of
This is the number of points 
(V KF
Proof. (A reader can first consider the cases d = 1, 2, 3.) For a face σ of ∆ d+1 denote by σ the 'complementary' face. Then dim σ + dim σ = d. Denote by * the vertex of ∆ d+2 − ∆ d+1 . For subcomplexes A, B ⊂ ∆ d+2 the sum of whose dimensions is d denote
Denote by * A ⊂ ∆ d+2 the cone over A ⊂ ∆ d+1 with the vertex * . We omit parenthesis assuming that + is the last-to-do operation and ∧ is the last but one operation. Below the summation is over (non-negative-dimensional) faces of ∆ d+1 , or their pairs, satisfying the assumptions shown under the summation sign. We have
Now the lemma holds because
Here the first equality is obvious, and the other are obtained by applying the following equality for k = [(d − 1)/2], . . . , 2, 1, 0: • equality (3) holds because τ ⊂ ∂σ ⇔ σ ⊂ ∂τ .
• equality (1) follows because by general position f ( * σ) ∩ f (σ) is a finite number of non-degenerate arcs, so
• other equalities are obvious.
Here A is any vertex of ∆ d+2 , lk A f : ∆ d+1 → S d−1 is any 'link of f at A', and in the third line the summation is over vertices A of ∆ d+2 .
Proof of Lemma 3 is analogous to the particular cases d ≤ 4 implicitly proved in references for (3) It would be interesting to find a direct proof of V KF + k,r ⇒ T T + kr,r (can Lemma 2 be generalized?). The implication is correct unless possibly for k = 1 and r a prime power, because both assertions are true or false simultaneously.
(d) It would be interesting to obtain analogous 'quantitative' version for non-realizability of K 5 × K 3 in R 3 and of K 5 × K 5 in R 4 , cf. [Sk03, Sk14] .
